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Abstract

In this paper, we obtain the convolution sum formulae of

> mos(m)os(n—4m) and > mos(m)os(n — 4m).
m<y m<h
Moreover we obtain some identities induced from the above convolution sums and we find a
coefficients relation.
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1 Introduction

Forn € N, s € NU {0}, g € C with |¢| < 1, we define the important divisor function and the infinite
product sums, which also appear in many areas of number theory:

os(n)=>_d°,  Alg) =) r(n)¢"=q[](1-¢M*,
dln n=1 n=1
Alg) =" am)q" = M) =q [T - ¢*)',

D(g) =Y d(n)g" = (A@*AW)AWGH?)® = ¢ T - a2 - @) (1 - ¢*™),
o - n __ A(q4)4 %_ 5 - ny24 ny\32 2n32
Fa= 3o sor = (G0 ) = Tlo o as ey 0 e

Here we obtain the simple relation between ¢(n) and d(n), which enables us to express c¢(n) with
d(n):

Theorem 1.1. Letn € N. Then we have

c(n) = d(2n) — 32d(n).

Let g € C be such that |¢| < 1. The Eisenstein series L(q), M(q), and N(q) are

L(g)=1-24) oi(n)q", (1.2)
M(q) =1+240)  a3(n)q", (1.3)
N(g) =1-504  o5(n)q" (1.4)

by ([1], p. 318). Lahiri ([2], p. 149) has derived the following identities from the work of Ramanujan
3]:

M?*(q) =1+480) or(n)q", (1.5)
n=1
5, . 65520 «— n 432000 n
M (q)—l—&-7691 ;Uu(n)q + 601 ;T(n)q , (1.6)
L(q)M(q) =1+ 720 nos(n)qg" —504 Y " o5(n)q", (1.7)
n=1 n=1
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2, v ., 65520 < o 162048 =
N @) =1+ =57 ;U“(” 691 ;T (1-8)
L(q)N(q) = 1 — 1008 Z nos(n)g" +480 > o (1.9)

n=1 n=1

Specially, we refer to

65520 o 228096
> ol -

L(QM(q)N(q) =1 = === > nos(n)q" + == sars 2 T (1.10)

n ([4], Lemma 3.4). For e, f,m,n € N we define

:i m)ors(n—m). (1.11)

Ramanujan [3] and Lahiri [2], [5] have shown that I. ; can be expressed as :

Lia(n) = %US(H) + %Ul(n%

hat) = goos() + L5 2 ou() = oo (),

Is(n) = qocor(m) + L 2 o) 4+ Lo (),

Io(n) = fps07(n) = 1350u(n)

Li7(n) = 418100 (n) + %aﬂn) riocfl(n)

s 5(n) = 550500(0) = 5350300 + 552 )

Io(n) = 58 g1 (m) + O gy m) 4 b () = S22 r()

Lr(n) = o —11(n) — 51-07(n) — = 3(n) + S0 (n),
110560 240 480 2764

I55(n) = o= o1i(n) + gos(n) = coor(n),

Lii(n) = 622;0013(”) + L ;4n) o11(n) — %T(n%

Is9(n) = f1400'13(n) — gloag(n) + ﬁas(n),

Is7(n) = ﬁalg(n) + @07(71) — 4fgom—,(n).

Similarly, for e, f,m,n € N we set

Tine,s(n Zmae Jos(n —2m),

'm<n

T.¢(n) = Z oe(m)of(n —2m),

m<%

(1.12)
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and

(1.13)

Then in ([6], p. 45-54) we can see that

1 1 n (1—3n) (1-6n) ,n
Ti1(n) = 1203(n)+303(2)+ o 1(n) + oY 01(2)7
1 1 n (I1-3n) n 1
Tsa(n) = g3505(0) + 1505(5) + =~ 03(3) — 5501 (0),
1 1 n (2—3n) 1 n
Tis(n) = 47805(71) + ﬁUs(g) + 18 o3(n) — mm(g),
1 2 n (1-2n) ,n 1 1
T — L a2 Sy~ -
5.1(n) = 5rpor(n) + go7(5) + g os(G) + gy () = b,
1 2 n 1 1 n 1
Ts,3(n) = 2040 7(n) + 3557 7( ) — %03(”) - %03( ) + ﬁb("%
1 32 n,  (1-n) n 1
Tis(n) = 15507 + gy or(5) + 5 os(n) + 504 71(5) ~ 152%™
1 1 n (5—16n) 1
Toa(n) = gropp () + gemzon(g) + 55 ( )+ 56471 (")
_ 2282
5528 3455 2
1 17 n 1 n 1
Tra(n) = 33768071 + 25730711 3) ~ 22077(3) ~ 25973 (™)
+ 23 T(n) + o1 T(ﬁ)
11056 13827 \2”
1 16 1 1
Ts.5(n) = 17413271 (W + 3533715 5+ 50175 (M F 59775(3)
_ U r(n) — ﬁT(ﬁ)
5528 691 27
17 8 n 1 1 n
Ts.7(n) = 33768071 (M * 10365711 (2) ~ 53077(M) ~ 157(3)
FopsT(n) + oor(2)
22112 691 27
256 n 5—3n 1
Tio(n) = 5393711 (") + Gog03711(5) + %09(”) +36171(3)

141 2688
~go10" ™ ~ o1 "3 )

and
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17 n (2-3n) n 1

1
Tra(n) = 115507 + 7370 (5) + g 77(5) — 457 (W)
1 2
+ @C(”) + id(n%
Toa(n) = sroon(n) + gezon() — 5i05(2) + £ios(n)
530 = 37948 7V T 46579V 27 T 24070 50473\

1
- @C(n) - ﬁd( " (1.14)

1 4 n n
Tas(n) = 744009(") + 19537°(3) ~ 32075 F 517 (3)
1
+ %c(n)—k 31d( n),
_ 1T 8 My @8 oy L
Ti7(n) = 297679 + 55703 + g5 77" ~ 51 ()
1 16
~52° c(n) — ﬁd(n)
Also we can find
1 _ 1 2 1" 112\
Tm,1,1(n)748n03(n) 5" al(n)+12n03(2)+(48n 3" )01(2) (1.15)
n ([7], Theorem 4.1) and we can see that
Proposition 1.1. (See ([8], Theorem 1.1)) Letn € N. Then we have
(a)
1 n n
Ta(n) = 7o [n {505(n) +1605(5) — 9nos(n) - 301(5)} + 4b(n)] ,
1 n n
Taa(n) = = [n {os(n) +2005(5) = (36n — 15) aa(5) } — b(m)]

Tt (n) = Ti% [21n07(n) + 64n07(3) ~ 51nos(n) + 1Tnor () + 1632d(n)
+51c(n) — 21nb(n)},

Tn5(n) = Taa30 {2n07(n) + 32n07(g) — 34nos( 2) — 544d(n) — 17¢(n)
+15nb(n)},
1

Tsa(n) = e {4na7(n) +836n0:(5) — 816n°05( ) + 476n05( ) + 544d(n)

+17¢(n) — 21nb(n)},
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Tpuan(n) = {255n09( )+ 768nag(g) — 775n%07(n) — 465n01(g)

446400
+12407—(n) + 190464T(ﬁ) — 23040nd(n) — 720nc(n)} ,

n
Tps.s(n) = m {21n09 n) + 320n09( )+ 7T75n03( 2 ) — 6517(n) — 595207 (3)
+20160nd( ) + 630nc(n)},

n
Tm.sa(n) = 520800 {5"09(”)*-336n09( ) — 1085n0(37) + 3107(n) + 138887 ()
—10080nd( ) — 315n¢(n)},
n n
T r1(n) = 111600 {3n00(n) + 1020n04(5) — 3100001 (5) + 2325mar2(5)

2
—93T(n)-24807(ij +»2880nd(n)+-90nc(n)}

Furthermore, in ([6], p. 45-54) we can observe that
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1 1
U175(’I’L) = @07@) + 17360'7
19 b 26 .n

~ %16 (n)*ab( )s

n 2 n
or(5) + 5559705 — 24073 — 5507305

1
Usaln) = m‘”w + 5175

9
* 2176b( n)+ ﬁb(z)
n
Usa(n) = 13708807(n) +o17677(9) 51773
13 19
B 6528b( n) - %b(2)
256 n. (10— 3n)

7 23

Urs(n) = —qgeggon(n) + 55500 ()+22803 () + 5 o™
1 n. 1589 5790 .n. 2562304

+ 261713 ~ 552807 ™ ~ Go1 7(3) T Tan ) + 61440 (n),

7(
121 1 8 n
Us(n) = 565312071 (™) + 1768067 ( )+ To36571 (7

Ll T 6003 N 714967_( )
4807°V 4’ T 176896 11056 '27 ~ 691
U ()_é ()4_# (9)4_76
55\ = 11144448 7Y T 17689671 2/ T 4353371
1 n 351 2505 n. 5616

+ — 5(

5047°02) ~ Tres06 ™™ )_22112 (5) = o1 7(3)
Ugi(n) = )

o o11(n) + qrzsson(5) + goon () +
5837568 7! 176896 20737

gy~ OTL oy 2505 n 105314 n

264" 176896 221127 '2 3455  \4

and in ([9], (21), (25)) we can see that
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Y 17 8 n (8 —3n) 1 n
Urr(n) = 1790779 + 35637 o(3 )t 1657 Ty T T g (3)
433 4232 109 529 n
+ 215900 — 51-4(5) — 3565600 — To5¢(5):
Us5(n) = ————09(n) + mo00(2) + ——09(2) = —or5(n) + —— ()
50 7 11904077 793677427 T 1953° V4’ T 240°° 504°°\4
27 252 33 63 n
—@d( )+7d( )+77936 c(n )+%C(§)7
1 1 n 1 n 1 n 1
Us3(") = 15908727 * 377247 (3) + 16579(3) ~ 53075(3) + 55473 (™) (1.16)
— i) - By - B cn)—?’ic(ﬁ) |
1984 31 31744 99227
_ 1 17 n 17 n (2—-3n) ,n
Ura(n) = 3550280 7° "™ T 35305270 (3) + 74 (P + 5 o7()
407 109 . n 529 109 n
~ a7t g d) + 248 UZ) + 553952 + 7935903
7 n 17 n 1 n
Uralt) = ~ 552067 + Trg5 () + zprgo™ (1) ~ 25777
1 369 1641 n. 22203 n
- 0% My 22200 T g .
1807 Tr6z06 ™M T 32112 7(9) T asn 7() H1207(0)

In this paper, we attempt to find the convolution sum formulae of
Z mosz(m)os(n —4m) and Z mos(m)os(n — 4m)
m< G m<h
by trying to reduce the number of the coefficients and so we obtain the following theorem :

Theorem 1.2. Letn € N. Then we have
(a)
Um,3,5( Z mos(m)os(n — 4m)
m< z

1

— n
17273894400 1 -1 ) — 14511
17273894400{ 9530011 (n) 95300”(2) 511noo(n)

—217665n09( 2) — 3537920n09( 4) — 8568400n03( 4)
71779267 (n) + 6073048807 (5 ) — 263221248007 (")

—884423393280f (n) — 7182945nd(2n) — 114927120nd(n)}, for evenn,

1

~ $33566100 1930011(n) — 691n0y (n) + 3418067 (n)

—42115399680 f (n) — 342045nd(2n) + 15423120nd(n)} for odd n,
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Unn,5,3( Zmas Jos(n — 4m)
m<n
SR S—  F1)) — 1302 —34
46063718400{ 30200711 (n) — 130 0011(2) 3455000 (n)

21766509 (5 ) — 14859264n00 (= 1)+ 47983040005 Z)
—137224607(n) — 6027739207(%) - 933558026247(%)

— 589615595520 f (n) + 13712895nd(2n) — 94031280nd(n)}, for evenn,

1

— 117923119104 f(n) + 2742579nd(2n) — 64777104nd(n)},  for odd n.

In [9] we can see more convolution sum formulae related to Un, e,#(n). In a similar manner to
Theorem 1.2 we represent U1,7(n), Us5(n), Us,3(n), and Uz,1(n) in Corollary 2.1 without using the
coefficient ¢(n). Also we obtain Theorem 1.3 deduced from U, 3,5(n), Um,5,3(n), and etc.

Theorem 1.3. Forq € C with |q| < 1, we have

L(g" )M (q")N(q)
1197 2835 > o 64512 & in
=14+ = - =
+27642"1 64;"“(")‘1 T oo & 1”“(")(1
- @ nog(n)q" — 567 noo(n)g”" — 9216 noo(n)g*"
620 £ "7V T ey £ MO T TRy 2 Mo
4881681 — 11068974 < o 1808649216 >
~ 713820 ;T(”) 691 ;T(")q ;
> n 61236 < n 1828915 >
—18579456;1 f(n)q +T;nd(n)q g
18711 " 571536
ST ne(n)q Z

n=1 n=1
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L(g)M(q")N(q)
L 28T 1206 e 61440
691 Z”“ +anl"“(” 691 Z”“

- @ nog(n)q" — 1134 3 noo(n)g*™ — 36864 noo(n)g'™
155 £ OOV T Ty 2L MOV T Ty 2 o
250974 = n 19713024 o 7217418240 >
3455 n:f(”)q 601 ;T(”)q ;

> n 244944 & " 7315660 = on

- 171638784; Fn)g" + =5 ;nd(n)q 2::
1871 > 7 2286144 on

g T T 31 Z ne(n)q™",

. 138 1146 64512 an
= 691n 1011 6ol 2011 "+ 691 Z:lall(n)q

- 3 nog(n)q" — @ noo(n)g*™ — 96768 noo(n)g*"
248 £ "7V T ppq 2L MO Tygs 2 Mol

66474 > & 1561896 n 3298434048 > n
Zr + o1 Zr(nﬁf + e 2o T

n=1 n=1

n=1
> 7422 47 016
+9289728 ) " f(n)q" 4 31422 an(n) m 90 6 Z
n=1 n=1 n=1
3572 i": o 149688 Z
4 4
L(g")M(q)N(q")
651 — 1611 65280 > in
=1 — el
2764 ;”1 W4 Sr6 ZJ “oor 2 n(ma
9 & o & 48384 & in
496 ; nos(n 248 Z " 155 4~ nos(n)g
465003 <= 3720114

n on 4700507904 <= in
2764 an(”)q * 601 ZT(")Q T 3ams > (g

n=1 n=1
+10727424 > f(n)q" + 18711 Z nd(n)q" 72395008 > nd(n)g™"
n=1 —
35721 < 74844 on
BILS nen)a” + oS ()

n=1 n=1
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2 Proof of Theorem 1.1

We introduce Proposition 2.1 to obtain some convolution sum formulae, for example, U,,3,5(n),
M(q*)B(q), and etc.

Proposition 2.1. (See [6]) For q € C with |q| < 1, we have

(a)

11 196 25 N2

M(q)M*(¢*) = — M*(a) + 55 M (@) = {5 N*(0) = 5o N (),
(b)
M*(q)M(q*) = %M?’(qH %M (4*) - % “(q) — 33(1)0N2(q ),
(©
N(@)N(g*) = ;gg *(q) — 1(13;6 () + %N (@) + % (),
(o
N(@)N(g") = — 1o s M (g) = DM (g?) - TEC MR (gh) + 2L N (g)
+ %N (@®) + %?61\72@4),
(e)
L@)M(g") = AL(a")M (") + 5 N(@) + 05 N(a®) = 5:N(a) — D Alg),
()
L@N(@®) = 2LEIN(G) + o= M*(a) — S M (a*) — 0 Bla),
(@)
N(q)L(¢*) = 5L(a)N(q) — %MQ(Q) + ZgM (¢*) - %;6 (@),
(h)
LGN (g) = {L(@)N(g) — 0 M () + 5o M2(0) + 5 MP(a") — T2 Blg)
- B,

4050 64800

4 L 40 1o 2 2 2
M(q)M(q") 272M()+272M( )+17M( q)+ 7 B(q) + T B(q"),
()
9, v BT 4 515 5 o 13932 4 4 175
M(q)M~(q") 1eM (g )+104M (@) + 3 M (q") 218" (9)
450 5 5. 292300 o, 4
o V(a*) = =55 = N?(a") + 13824000 (q),
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129 3765 89664 2225
M2 (@M (¢ = == M3 M3 (%) — 2 4y _ 2280
(@9M(q") 116 (@) + 04 (q°) 3 (¢") 5736 (9)
13175 s 1883200 . 5. 4
0N 20U N — 221184000F
364 (@) + 973 (q°) 84000F(q),

1 853 3971
L(g")M(g)N(q) = 7L(9)M(a)N(q) - ﬁM‘Q’(q) - 130 *(q®)
2651392 4 ) 2805 5, o
195 M?(q") 208N()+ 91N(q)
1237248

N?(q") + 389283840F (q).

91

Proof of Theorem 1.1. Proof begins by ([9],Theorem 1.1)

n n
e(n) :—7{d —32d(§) (5)} for neN, @2.1)
where % | e(n)g" = (A(@®)A(¢)*) 0 = @ TIZ, (1 - ™) (1 - ¢*)'°.
Then we can know that e(2 ) =0for N e wh|ch constructs Eq. (2.1) as
e(QN):O:—é {d( )—32d(2N) c(%)}

and so

Therefore we obtain
¢(N)=d(2N) —32d(N) for N eN.
O

Remark 2.1. Because of the property of Theorem 1.1, we can delete the coefficient ¢(n) and so the
convolution sums formulae related to ¢(n) are simplified more :

17 (4—3n) 1 n

T1,7(n):mag(n)+4%5a (5)+ 5 07(n)7r8001(7)76—2d(2n)

Tas(n) = = 00(n) + 1oez0a(y) - mmnwﬁa( )+ 53gdCm) s
Toa(n) = sooon(n) + 1z00(2) — 5is05(5) + zo108(n) - &d@n), '
Trs(0) = 1yg500(0) + g () + 2o (2) = oin) + pod(zn)

similarly, Proposition 1.1 (b) and (c) can be rewritten as
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1
Tn5(n) = T3 {21na7(n) + 64na7(g) — 51n205(n) + 17Tno ( 2) +51d(2n)

—21nb(n)},
n
Trna3(n) = oo {27107(71) +82n07(5) — 34nas 2) —17d(2n) + 15nb(n )}
1 n
Tsa(n) = 53 {4n07(n) +836n07(5) — 816005 (%) + 476005 () + 17d(2n)
—21nb(n)},
- 1 n 2 n
Tir(n) = pos {255nag(n) +768n00 () — T750°07(n) — 46501 (3)
+12407(n) + 1904647(%) - 720nd(2n)} , (2.3)
1 n
T5(n) = —=os {21nag( ) + 320n00( 2) 1 TT5n05( 2) — 6517(n) — 595207 (%)
+630nd(2n)},
1 n
m = —_— — 1 —
Tm,5,3(n) £20800 {Snag( ) + 336n09(2) 1085na5(2) + 3107(n) + 138887'(2)
—315nd(2n)},
Tora(n) = ——— {3na (n) + 1020n00 (%) — 775n (4n — 3) o7 (=) — 937(n)
Y T 111600 ’ P 2

724807( ) + 90nd(2n)}

As the same aim of Remark 2.1, we consider the following corollary.
Corollary 2.1. Letn € N. Then we have

() + s an(2) + ozo(2) + B3 o)
Ui7(n) = *ﬁﬂ'l(%) - %d@n) - %d( ), for even n,
ﬁag(n) + %07(71) - %d( n) + %d(n)7 for odd n,
119104009(") 7913609(g)+ %Ug@ - ﬁ”s( )
Uss(n) = +ﬁa (=)+ %d(?n) + %d( ), for even n,
119104009(n) _ %Oas(n) n %d@ )— %d( ), foroddn,
o073+ 51 o0(5) + ge=00(D) = 5 os()
Usz(n) = +514 3(n) — %d( n) + @d( n), for evenn,
1 1 63
mag(n) + ﬁag(n) - 31md(Zn) + 64d( n), for odd n,
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1 oo (n) + 17 o (n 17 n
3809280 ° 2539527 744 4

(27311)0 (E) 1 o (n 529
48 7"'4’ 7 480 253952

+ d(2n)
U771 (’IZ) =
433

—md(n)7 fOI’ evenn,

— L) = 01 (n) +
3809280 " ° 480" 253952

d(2n) — 52T12d(n), for odd n.

Proof. Since proofs are similar, so we only prove the case of Ui 7(n). Firstif n is even, i.e., n = 2I
with [ € N then we have

c(g) = c(%l) = c(l) = d(21) — 32d(l) = d(n) — 32d(g), (2.4)

where we use Theorem 1.1. And if n is odd then it is obvious that ¢(3) = 0. Now, applying
Theorem 1.1 to Uy ,7(n) in (1.16), we have

17 8 n (8—13n) 1

Uiz(n) = +-—o0 (*)+ 192 U?(”)—@Ul(z) 25)

1
11001 7°(™ * 39657 () 465

109 21 4232 529 n
~ 3963420 T gdn) — 757 d(i) 121°5)

Therefore if n is even then by (2.4), we can write (2.5) as

1 17 n 8 (8 =3n) 1
Ur7(n) = 1750279 + 3963 7°(3) * 2657005 ks T AR LA
109 407

~ 3968 (2n )*@d()

|3

Also if n is odd then (2.5) is simplified as

7 (8 — 3n) 109 21
Urr(n) = 1395790(0) + g5 07(n) = 55634(2n) + -d(n).

3 Proof of Theorem 1.2

n ([7], Theorem 1.1) we can see that

L(¢*)M(q )—1+3602n03 n)q —120205 n)q —384205 . (3.1)
n=1

Similarly, we can obtain the following corollary :

Corollary 3.1. Forq € C with |q| < 1, we obtain

3041



British Journal of Mathematics and Computer Science 4(21), 3028-3053, 2014

L(¢*)M(q°)N(q)

691 691

1008 n, 61512 .
*1+72011(n) 2011 2
n=1

3455

n=1

290304 S nd(n)g" 9072 nc(n)q".

31

n=1 n=1

31

Proof. By (1.4) and (1.7), we note that

L(¢*)M(q")N(q) = N(q) - L(¢°)M(q*)

n

- (1 —504) 05(n)q”) <1 +720 Y mog(m)g”™ — 504 Y o5(m
n=1 m=1

m=1

=1+> {360N03(g) - 50405(%) — 50405(N)

N=1

—504-720 > o5(N —2m) - mos(m) + 504-504 > o5(N —2m)os(m) ¢ ¢"

m<% m<%

=1+ {360N03(%) - 50405%) — 50405 (N) — 504 - 720 - Tp.3.5(N)

N=1
+504 - 504 - Ts 5(N)} ¢~

So we use Proposition 1.1 (c) for Ty,,3,5(N).

To show Lemma 3.2 (a), we need Eq. (3.3) :

L(q)M(q*)N(q)

=1+ % ZU“ n)q" % 71011(n)q2"
B 18?:# :1 noo(n)g™™ + 23;12;14 i ()" + 16962901576 i T
580608 i" )" — 1831144 ne(n)q"

n=1

n ([8],Theorem 1.2 (f)). Now we can consider that Lemma 3.2 is an extension of

ir n)q +256Z

n=1

n ([8], Theorem 1.2 (1)).

Lemma 3.2. Forq € C with|q| < 1, we have

nog(n)q"

> _noo(n)g

9216 . 701568 . 3248640 &
_ 9206 ™ () Z (Mq" == D7

=1

n=

(3.2)

(3.3)

(3.4)
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Proof.

(b)

(©)

15 — 15 — 11071
4 B ___ 2 n Y 2n fiabdhiied n
M{q")B(a) = = 17555 ;210”(”)‘1 * 11056 nz:la“(”)q * 11056 nle(”)q
25997 on - an —
20991 144
1382 2~ T(n)gq Jr7680n§:1 T(n)g"" +6 0n§:1f(n)q
15 — 15 — 15 —
M B 2 no_ 2n n
(@)B(4°) = 17056 2 711(M)4" = 17055 n:f“(”)q 11056 2~ T(n)g

2503 on - in
1382n:17(n)q 3584;T(n)q 6144OZf(n)q

(a) By Proposition 2.1 (g), Corollary 3.1 can be rewritten as

(1 43 o 64 2016 2
— (FHON@ - a0 + () - 0BG ) br(a)
1 2 43 64 13,2 _ 2016 :
= SL@N@M(@) = oM (@M(@") + 5= M(¢*) = == B@M (@),
thus we refer to (1.6), Proposition 2.1 (b), and (3.3).
By Proposition 2.1 (i), we can rewrite Proposition 2.1 (j) as
M(q)M?(q") = M(q)M(q") - M(q")
1 4050 64800
= (@) + g ) + 1ot + P80 + S B ) M)
15 16 4050
= S MA@M(g") + oo MP()M(g") + 12 M (a) + 120 Bla)M(q)
+ S0 B M),
so we use (1.6), Proposition 2.1 (k), and Lemma 3.2 (a).
We note that by Proposition 2.1 (h)
L(g")M(q)N(q) = L(g")N(q) - M(q)
(1 1 63 64 2,0 _ 4788
— ({LON@ - @)+ g @)+ GG - T B
250 Mia)
= TL@N(@M(g) ~ g0 M*(q) + 5 s M) M(a) + o2 M2(4")M(q)
4788 104832

—7B(q)M(q)— i B(q*)M(q).
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Therefore we refer to (1.6), (1.10), Proposition 2.1 (a), (j), () and (3.4).

O
Remark 3.1. By (1.1), (1.3), and Lemma 3.2, we deduce that
240> | > os(m)b(N —2m) qN-—24)<§:bOﬁq") <§:cm0nﬁfm>
N=1 m< 1;7 n=1 m=1
= B(q) (M(¢*) — 1)
= B(q)M(q”) — B(q)
and so we conclude that
Z@mwmmm:ifw+mﬂyw% (3.5)
— 240 2
m<zg
for n € N. Similarly, we obtain
3" os(m)b(n — 4m) = -1 {15011(n) — 15011 (%) - 110717(n)
—, 2653440 2
m Z
n n (3.6)
— 2079767-(5) - 849100807'(2) — 679280640 (n)
+11056b(n)}
and
1 n n
Z;bﬁmgﬁn—2m):i&gﬂﬁ{wauho—1&nﬂ§)—1&ﬁﬂ—2mB%{5) an
m ? .

7$MMﬂMﬂg)76nn&mmfmy7uawmgg.

Proof of Theorem 1.2. (a) By (1.4) and (1.7), we obtain
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L(¢")M(q")N(q) = N(q) - L(q")M(q")

= (1 - 504§: 05(n)q"> <1 + 720 i mos(m)g*™ — 504 i 05(m)q4m>

m=1
- N N
=1+ NE; {180N03(Z) — 50405(—) — 50405 (N)
—504-720 Y o5(N — 4m) - mos(m)

m<%
(3.8)
+504-504 > o5(N — 4m)os(m) o ¢"
m<ﬂ
4
> N N
=1+ szl {180N03(Z) — 504"5(1) — 50405(N)
—504-720 Y mos(m)os(N — 4m) + 504 - 504 - Us 5(N) ¢ q".
m<%
Also by Proposition 2.1 (h), we have
L(g*)M(¢*)N(q) = L(¢")N(q) - M(q")
(1 16, 63 o 64 5 4 4788
= (TL@ON@ - ZAP0) + g d (@) + M) - 2B
104832 _ 4
2B ) M)
1 s 16, 4, 63 5 4 645 4
Li@)N(9M(q") = g MA@ M(q") + 536 M7 (a) M (q") + 5= M°(g") (3.9)
4788 4 104832 , 4
— 7 Bl@M(d) - ——B(a)M(q")
= 1677 1629 N, 49152 N
= L@N@M +Z{ 276271 )+ grgpo1 () + g on ()
1026531 15997230 N, 4294656 N N
o1 TN - e ()~ Ty 7(4)—|—24330240f(N)}q ]

where we use (1.6), Proposition 2.1 (b), (k), Lemma 3.2 (a) and (b). Then by letting

1677 1629 N, 49152  N. 1026531
AN) = —gq o (N) + gragon(G) + =ggr () = o 7(V) (3.10)
15997230 N . 4294656 N :
— or (5 —ggp - T()  24330240f (N),

we can rewrite Eq. (3.9) as
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L(g")M(q")N(q)
1 4 3 = N
= JL@N () - Mg )+Z+Za(N)q
N=1
1 - am 3
=3 (1 1008Zn0r n)q +48()nzlm ) <1+240m2_103(m)q ) +3
+ 2 o
N=1
_ iy Z —1008No5(N) 4 48007 (N) + 2400 (ﬁ)
— 4 5 7 3 4

—1008-240 Y (N —4m)o5(N — 4m)os(m) (3.11)

m<%

—+

=~ w

ilvgE
Q

+480-240 > or(N — 4m)os(m) +

7’:'1,<ﬂ

1+ Z { 252No5(N) + 12007 (N) + 6003(%) — 252 240N - Us 5(N)

+252-240-4 Y mos(m)os(N — 4m) + 120 - 240 - Us 7(N) + a(N) p ¢,

m<%

where we use (1.3) and (1.9) for the third line. So we equate (3.8) with (3.11) and use (1.16)
for Us,5(IV) then we obtain

m55 E m0'5 0'5 n74m)

m<n

= _;o {19530J11( ) — 19530011( 2) — 14511no9(n) — 2176657109(%)

1727389440

- 3537920m9 — 8568400n05( %) + T1779267(n) + 6073048807 (2 (3.12)
1 2

- 263221248007'( ) — 884423393280 f(n) + 94031280nd(n)

»M:

—14042004480nd

—~

g) — 7182945nc(n) — 438812640710(%)} .

Thus applying Theorem 1.1 into (3.12) we have

1
Unna.5(n) = = e {19530011( ) — 195300711 ( 2) — 14511nog(n)
— 217665n09( 2) — 3537920n00( 4) — 8568400n035( 4) + 71779267 (n)
+ 6073048807 (5) — 263221248007 (1) — 884423393280 (n) (3.13)
— 7182945nd(2n) + 323885520nd(n) — 14042004480nd( %)

—438812640nc(g)} .
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Now, if n is even then by (2.4), Eqg. (3.13) can be written as

1

n
Unas(n) = = fromeos {19530011(n) ~ 19580011 (5) — 14511009 (n)
- 2176657109(%) - 35379207109(%) - 85684007103(%) + 71779267 (n)

+ 6073048807 ( g) - 263221248007-(%) — 884423393280 (n)
—7182945nd(2n) — 114927120nd(n)} .

On the other hand, if n is odd then we can simplify Eq. (3.13) as

1
17273894400
—884423393280 f (n) — 7182945nd(2n) + 323885520nd(n)} .

Um,3,5(n) = {19530011(n) — 14511nog(n) + 71779267 (n)

(b) By (1.4) and (3.1), we have

n=1
X (1 — 504 Us(m)q4m>
m=1

=1+> {360N03(N) —12005(N) — 38405(%) - 50405(%)

N=1

= <1 + 360 Z nos(n)q" — 120 Z os(n)q" — 384 Z o5 (n)q2">
n=1 n=1

—360-504 Y (N —4m)os(N — 4m)os(m)
m<y (3.14)

N
+120-504 > o5(N — 4m)os(m) + 384 - 504 > 057 — 2m)os(m) ay

N N
m< m<

=1+ > {360N03(N) —12005(N) — 38405%) - 50405(%)

N=1

— 360 - 504N - Us 3(N) +360-504-4 > mos(m)os(N — 4m)

m<%

+120 - 504 - Us 5(N) + 384 - 504 - Rs(%)} q".

And by Proposition 2.1 (f) we can observe that
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= M(q) (2L(q4)N( )+85M2( ) - M (q4)*%3( )>

=2M(q)L(q")N(¢") + o= M(q)M*(¢*) — = M(q)M*(q") — %M( )B(q%) (3.15)

= (375 681 N. 66048
_HZ{ TN+ 3553011(5) = Tgo1 o1(7)

1
332055 5878332 N, 1220516352 N N
- N) - Sy 2EERIIOC L () 19165120 £(N
1382 TV T Teor 75 o1 (1) 65120/ >}q

A

N
4
i |

where we use Proposition 2.1 (a), (j), and Lemma 3.2 (c). Then putting

375 ™) 681 (5)7660480 (5)73320557(
138271 138271 9 691 V4 1382 (3.16)

5878332 N 1220516352 N
- ) - () — 121651
(5 o T() — 12165120 (N),

B(N) :=

constructs Eq. (3.15) as

L(¢*)M(q)N(q")
=2M(q)- L(¢")N(¢") = 1+ > B(N)g"

=2(1+240) Ug(n)qn> (1 —1008 > " mos(m)g*™ +480 > 07(m)q4m> -1

n=1 m=1 m=1

+ > B(N)gY

N=1

=2

1+ Z{ —252Nos N)+48007(4)+24003( )

3.17
—240-1008 Y 03(N — 4m) - mos(m) 317)

m<%

+240 480 > o3(N —dm)or(m) g ¢V | =1+ > B(N)g"

m<ﬂ

- +Z{ —504Nos N)+96007( ) + 48003 (N)

4

—480-1008 ) mos(m)os(N — 4m) + 480 - 480 - U 3(N) + B(N) p ¢,

m<%

where we use (1.3) and (1.9) for the third line. Therefore we equate (3.14) with (3.17) and use
(1.16) for Us,3(IN) then we obtain
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Remark 4.1.

Un,5,3( Z mos(m)os(n — 4m)

m<4

1

— 933558026247

+7355335680nd(

46063718400
— 1485926400 (~

{13020011( ) — 13020011 ( 2) — 3455n09(n) — 2176657109(%
(3.18)

~—

+ 47983040n0s ( 4) — 137224607 (n) — 6027739207’(%)

1S

) — 589615595520 f (n) + 114927120nd(n)

[NCRIN] AQT:

) + 13712895nc(n) + 229854240nc(g)} .

So applying Theorem 1.1 to (3.18) we have

Um,S,B (n) = —

1302 1302 ~ 34
46063718400{ 3020011 (n) — 130 0"”(2) 34550 (n)

—2176657109(2)— 14859264n09( )+47983040n05( )

— 137224607 (n) — 6027739207(5) - 93355802624T(ﬁ) (3.19)

N

— 589615595520 f (n) + 13712895nd(2n) — 323885520d(n)
+7355335680nd(g) + 229854240nc(g)} .

Finally, we easily obtain the convolution sum formula for odd » from (3.19) but we should apply
(2.4) into (3.19) for even n.

O

Induced identities from U,,, 55(n) and U,, 5 5(n)

Proof of Theorem 1.3.

Theorem 1.3 is obtained directly in proof of Theorem 1.2 :

(a) Insert (3.12) into (3.8).
(b) Itis obvious by Theorem 1.3 (a) and (3.9).

(c) Insert (3.18) into (3.14).

(d) Itis definite by Theorem 1.3 (c) and (3.15).

By Proposition 2.1 (e) let us rewrite Theorem 1.3 (b) as

L(q)M(q")N(q) = L(q)M(q") - N(q)

= (4L + N @ + DN - NG - FAW) N

64
336 112
1 5 64

=4L(¢")M(¢")N(q) + —==N*(q) + —=N(¢°)N(q) — == N(¢")N(q)

45
- ?A(Q)N

then this leads that

336 112 21

(9),
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L(q)M(q")N(q) — 4L(¢")M(¢")N(q)
1 5 64

= 235 V(@) + 5 N(@IN() — 57N ()N (9) = - A(@)N(9)

:—3—4§:Ozn
n=1

where we can deduce the last line from (3.10) and (3.11). So using (1.8), Proposition 2.1 (c) and
(d) we obtain

LTy
A(g)N(q) = 691 Z o1 (n)g” + fiﬁﬁ Z on @ ;T(n)q
~ 196499128 Z P(n)g?" + 278528 Z 7(n)g"" + 4325376 Y f(n)q

n=1 n=1 n=1

Finally, this shows that

m=1

504 i (Z Ja(N — m)) ¢ =504 (i a(n)q") (i as(m)qm>

and so

n—1
1 n
_ - - — — 19492 —
m§::105(m)a(n m) = e {66011( ) 66011(2) 757r(n) + 1949287 (%)

—1924628487(%) — 2988834816 f(n) + 691a(n)}

forn € N.

5 Conclusions

In this paper, we study the convolution sum formulae mainly as

Un,3,5( Z mos(m)os(n — 4m)
m< L 1
and
Un,5,3( Z mos(m)os(n — 4m)
m< L 1

for n(e N). Furthermore we can deduce some identities from the above convolution sums. Especially,
we obtain the coefficient relation as
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¢(n) = d(2n) — 32d(n)
in Theorem 1.1.
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Appendix
The first twenty values of 7(n) are given in the Table 1,

n | 7(n) n 7(n) n 7(n) n 7(n)

1 1 6 —6048 11 534612 16 987136
2 —24 7 —16744 12 | —370944 17 | —6905934
3 252 8 84480 13 | —577738 18 2727432
4 | —1472 9 —113643 14 401856 19 10661420
5 4830 10 | —115920 15 1217160 20 | —=7109760

TABLE 1. 7(n) forn (1 < n < 20)

similarly the first twenty values of a(n), b(n), d(n), and f(n) are listed in the following tables.

nlan) || n|an) || n| aln) n | a(n)
1 1 6 0 11 540 16 0
2 0 7 | —88 || 12 0 17 | 594
3| —12 8 0 13 | —418 || 18 0
4 0 9 | —99 || 14 0 19 | 836
5 54 10 0 15 | —648 || 20 0
TABLE 2. a(n) forn (1 < n < 20)
n | b(n) n b(n) n b(n) n b(n)
1 1 6 —96 11 1092 16 4096
2 -8 7 1016 12 768 17 14706
3 12 8 —512 13 1382 18 16344
4 64 9 | —2043 || 14 | —8128 || 19 | —39940
5 | —210 || 10 1680 15 | —2520 || 20 | —13440
TABLE 3. b(n) for n (1 < n < 20)
n|dn) | n | dn) n d(n) n d(n)
1 0 6 | —156 || 11 | —536 16 4096
2 1 7 112 12 | —2496 || 17 | —17472
3 -8 8 256 13 | 4384 18 4653
4 16 9 | =576 || 14 | —952 19 5848
5 32 10 | 870 15 336 20 13920

TABLE 4. d(n) for n (1 < n < 20)
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n [ Jo [ o [Jo [ n] o) [ n] J0)
1 0 6 8 11 6296 16 388608
2 0 7 44 12 16384 17 756822
3 0 8 192 13 39569 18 | 1419200
4 0 9 694 14 89424 19 | 2572328
5 1 10 | 2208 15 | 191028 20 | 4521984

TABLE 5. f(n) forn (1 < n < 20)
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