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ABSTRACT

In this paper, we investigate the recurrence properties of the generalized Hexanacci sequence
under the mild assumption that the roots of the corresponding characerteristic polynomial are
all distinct, and present how the generalized Hexanacci sequence at negative indices can be
expressed by the sequence itself at positive indices.
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1 INTRODUCTION We present our main result as follows which
completely solves the above problem (under the

We can propose an open problem as follows: assumption that the roots of the corresponding

Whether and how can the generalized Hexanacci characerteristic polynomial are all distinct) for the

sequence W, at negative indices be expressed generalized Hexanacci sequence W,.

by the sequence itself at positive indices?
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Theorem 1.1. Forn € Z, we have

W_on = 155(=y) "(WoH;, — 5WnH,, + 20H;Wan — 10WoH;, Han + 15WoH3, Hy, — 15W, Hs,, +
20WoHZ2Hs, + 30W, H2Hap, — 60H2Ws, — 120Wsy, + 120H, Wiy + 60Hon, Wi, + 40H3,Wa,, +
24Wo Hsy, + 30Hyn W, — 20Wo Hap Hop, — 30H 40 HyWo — 40H 3, H, W, — 60Hay Hy, Way)

= (1) y " (Wsn — HaWan + 3 (H7 — Hon)Wsn — & (Hj +2Hsp — 3Han Hn)Wan + 55 (Hoy +
3H22n - 6H3LH27L - 6H4n + SHSan)Wn - ﬁ(H»Z - 10H2H2n + 15H22an + QOHZHS';L + 24H5,,L —
30H 4y Hy, — 20H3, Hap ) Wo).

Note that H,, can be written in terms of W,, using Remark 2.1 below.

The generalized (r, s, t, u, v, y) sequence (or the generalized Hexanacci sequence or 6-step Fibonacci
sequence) {W, (Wo, Wi, Wa, W, Wy, Ws;r, s, t,u,v,y) tn>o (Or shortly {W,},.>0) is defined by the
sixth-order recurrence relation

Wn = Tanl + SWn72 + th73 + ’U/Wn74 + UWn75 + yWn—6, (1 1)
Wo = co,Wi=c1,Wa=c2, Was=c3, Wy =ca,Ws =c5, n>6

where Wy, W1, Wa, W3, Wy, W5 are arbitrary real or complex numbers and r, s, t, u, v, y are real numbers
with y # 0. The sequence {W, }.>0 can be extended to negative subscripts by defining

W_p=—2

Y
forn = 1,2,3,.... Therefore, recurrence (1.1) holds for all integers n. Hexanacci sequence has been
studied by many authors, see for example [1,2,3] and references therein.

U t s r 1
W7n+1 - 7W7n+2 - 7W77’L+3 - 7W7n+4 - 7W7n+5 + 7W7n+6
Y Y Y Y Y

In the following Table 1 we present some special cases of generalized Hexanacci sequence.

Table 1. A few special case of generalized Hexanacci sequences

No Sequences (Numbers) Notation

1 Generalized Hexanacci {Vn} = (W,(Wo, Wy, Wa, W, Wy, Ws;1,1,1,1,1,1)}
2 Generalized Sixth Order Pell {Vo} = {Wn(Wo, W1, Wa, W3, Wa, W5;2,1,1,1,1,1)}
3 Generalized Sixth Order Jacobsthal {Vo} = {W,,(Wo, W1, Wa, W3, Wy, W5;1,1,1,1,1,2)}
4 Generalized 6-primes {Vn} = {Wn(Wo, W1, Wa, W3, Wa, W5;2,3,5,7,11,13)}

In literature, for example, the following names and notations (see Table 2) are used for the special
case of r, s, t, u, v,y and initial values.

Table 2. A few special case of generalized Pentanacci sequences

Sequences (Numbers) Notation OEIS [4] Ref
Hexanacci {H,} ={W,(0,1,1,2,4,8;1,1,1,1,1,1)} A001592 [5]
Hexanacci-Lucas {E,} ={W,(6,1,3,7,15,31;1,1,1,1,1,1)} A074584 [5]

sixth order Pell {P,(LG)} ={W,(0,1,2,5,13,34;2,1,1,1,1,1)} [6]

sixth order Pell-Lucas {Q©®} = {W,.(6,2,6,17,46,122;2,1,1,1,1,1)} [6]
modified sixth order Pell {E®} = {W,(0,1,1,3,8,21;2,1,1,1,1,1)} [6]
sixth order Jacobsthal {J®} = {W,(0,1,1,1,1,1;1,1,1,1,1,2)} [7.8]
sixth order Jacobsthal-Lucas {GOY = (W, (2,1,5,10,20,40;1,1,1,1,1,2)} [7,8]
modified sixth order Jacobsthal {K®} = {W,(3,1,3,10,20,40;1,1,1,1,1,2)} 7
sixth-order Jacobsthal Perrin {R®Y = {w,(3,0,2,8,16,32;1,1,1,1,1,2)} 7
adjusted sixth-order Jacobsthal {8} = (W, (0,1,1,2,4,8;1,1,1,1,1,2)} [71
modified sixth-order Jacobsthal-Lucas {R®} = {W,(6,1,3,7,15,31;1,1,1,1,1,2)} 71
6-primes {G.} = {W,(0,0,0,0,1,2;2,3,5,7,11,13)} [9]

Lucas 6-primes {H,} = {W,(6,2,10,41, 150, 542;2,3,5,7,11,13)} [9]
modified 6-primes {E,} = {W,(0,0,0,0,1,1;2,3,5,7,11,13)} [9]

Here, OEIS stands for On-line Encyclopedia of Integer Sequences. For easy writing, from now on,
we drop the superscripts from the sequences, for example we write J,, for JO.
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It is well known that the generalized (r, s, ¢, u,v,y) numbers (the generalized Pentanacci numbers)
can be expressed, for all integers n, using Binet’'s formula

where

and

P =

b2 =

b3 =

by =

ps =

b =

Wy = Ar1a" + A2B" + Asy™ + Ayd"™ + As\™ + Aeu™

A S TR e e
F=aB=F - F-NF =)
R e T e oyt
GGG - - NE=@'
SR e e sy Toe Toem
R [ e et TR

Ay =

Ay =

Ag =

Ws = (B+v+0+ X+ p)Wat (BA+ By + B+ My + Ap+ 86+ X0+ vy +v0 + pd)Ws
—(BXy + BAp+ BAS + Byp + Ayp + By + Bud + A8 + A + ypud)Wa

+(BAMYp + BAYS + BAUG + Byud + Aypd) Wi — BAyudWo,

Ws —(a+7+ 0+ A+ p)Wa+ (ad+ay+ap+ ad + Ay + A+ A6+ v+ 70 + pd)Ws
—(aAy + adp + aXd + ayp + ayd + apd + Ay 4+ Ayd + Aud + ypd)Wa

+(adyp + adyd + adud + aypd + Ayud)Wr — adyudWo,

Ws —(a+B+0+ A+ u)Wa+ (af+ar+ap+ BN+ ad + Bu+ A+ B+ A6 + pd)Ws
—(afX+ aBp+ arp+ afd + ard + BAp + apd + BAS + Bud + Aud)Wo

+(aBAp 4+ afAd + aBud + arud + BAuS) W1 — afAudWo,

Ws —(a+B+v7+ A+ p)Wi+ (af +ar+ay+ap+ B+ By + B+ Ay + A+ yu)Ws
—(aBA 4+ aBy + aBu + oy + aip + ayp + BNy + BAp + By + Ayp)Wa

@By + afrp+ afyp + adyp + BAyp) Wi — aBAdyuWo,

Ws —(a+B8+7+3+pu)Wi+ (aB+ay+ap+ad+ By+ Bu+ B0+ yu+ 5 + ud)Ws
—(aBy + aBu+ aBd + ayp + ayd + apd + By + By + Bud + ypud)Wa

+(afyp + afyé + afud + ayud + Byud)Wr — afyudWo,

Ws—(a+B+7+0+ MW+ (af+ar+ay+ A+ ad + By + Ay + 85 + Ad + v0) W3
—(aB + afy + ady + aBd + ard + BAy + ayd + BAS + By + Ayd)Wa

+(aBAy + aBAd + afvd + aryd + BAYO) W1 — aBAydWo.

and we assume that the roots «, 3, +, 4, A, u of the characteristic equation

2 —ra® — szt —ta® —uz® —vz—y=0 (1.2)

of W, are all distinct.
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Note that we have the following identities

at+B+y+5+A+pu=m,
af+al+ay+ap+ A+ ad+ By +Bu+ Ay + A+ B8+ A+ v+ v + pé = —s,
af A+ afy + afu+ ary + adp + afd + ald + ayp + BAy + BAu + ayd + apd + BAS
By A My + By 4 Bud 4 Ayd + Aud 4+ yud = t,
afBAy + afAip + afAd + aByu + adyp + afyd + afud + aryd + aiud + BAyp + aypd
+BAYS + BAUS + Bypd + Ayud = —u
afAyp + aBAyd + aBAud + aByud + aryud + BAyud = v,
afiyud = —y.

(1.3)
Note that the Binet form of a sequence satisfying (1.2) for non-negative integers is valid for all integers
n. This result of Howard and Saidak [10] is even true in the case of higher-order recurrence relations
as the following theorem shows.

Theorem 1.2 ([10]). Let {w,} be a sequence such that
{wn} = a1wn—1 + a2wn—2 + ... + ALWn—k

for all integers n, with arbitrary initial conditions wo, w1, ..., wr—1. Assume that each a; and the initial
conditions are complex numbers. Write

flz) = 2 — a2t — e — . —an_1r — ax (1.4)

= (z—a)™(z—a)®...(z—ap)™

withdy + ds + ... + dn = k, and ax, aa, ..., ay, distinct. Then

(@) Foralln,

where

Tm—1

N(n,m) =A™ + ASn+ .+ At = 3 AT n"
u=0

with each AE"” a constant determined by the initial conditions for {w,}. Here, equation (1.5)
is called the Binet form (or Binet formula) for {w,}. We assume that f(0) # 0 so that {w,}
can be extended to negative integers n.

If the zeros of (1.4) are distinct, as they are in our examples, then
wp, = A1(c1)” + As(a2)™ + ... + Ag(ag)™.
(b) The Binet form for {w,} is valid for all integers n.
Now we define two special cases of the generalized (r, s, t,u,v,y) sequence {Wy,}. (r,s,t,u,v,y)

sequence {Gn,}»>0 and Lucas (r,s,t,u,v,y) sequence {H,},>o are defined, respectively, by the
sixth-order recurrence relations

Gnie = 1Gpys+ sGpya +1Gpys + uGni2 + vGri1 + yGa,
Go = 0,G1=1,Go=r,Gs=1"45Gs=1>"+2sr+t,Gs =r* + 5* + 3r’s + 2rt + u,
Hnte = 7rHnpys +sHpta+tHpis +uHpio +vHpr1 +yHn,
Hy = 6,H1:r,Hg:2s+r2,H3:r3+3sr+3t,H4:r4+4r23+4tr+232+4u,
Hs = r’ + 5rs + 5tr> + 5> + Sur + 5ts + 5Sv,
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The sequences {G» }n>0 and {H, } >0 can be extended to negative subscripts by defining

v u t s T 1
G- = ——G_ n— - —G_ n—2) — -G_ n—3) — -G_ n—4) — ~-G_ n— + -G_ n—=6),
n y (n—=1) Yy (n—2) y (n—3) Y (n—4) Yy (n—5) Y (n—6)
v U t s T 1
H*n = ——H_ n—1) = —H_ n—2) = —-H_ n—3) -H_ n—4) — —H_ n—5) T —H_ n—6)>
y (n—1) y (n—2) y (n—=3) y (n—4) y (n—5) Yy (n—6)

forn = 1,2, 3, ... respectively.

Some special cases of (r, s,t,u,v) sequence {G,(0,1,r,7% 4+ s,7> + 2sr + t;7,5,t,u,v)} and Lucas
(r,s,t,u,v) sequence {H,(4,r,2s + r2 r® 4 3sr + 3t,r* + 4r%s + 4tr + 25> + du;r,s,t,u,v)} are
as follows:Some special cases of (r,s,t,u,v,y) sequence {G,(0,1,r,7% + s,7° + 2sr + t,r* 4 5°
+ 3r%s + 2rt + w; 7, 8,t,u,v,9)} and Lucas (r, s,t,u,v,y) sequence {H, (4,r,2s + r*,1> + 3sr +
3t, 1t - 4r?s + dtr + 257 4 4u, r° + 5r®s + 5tr? + 5rs® 4+ bur 4 5ts + 5v; 7, 8, t,u, v,y) } are as follows:

1. Gn(0,1,1,2,4,8;1,1,1,1,1,1) = H,, Hexanacci sequence,

2. H,(6,1,3,7,15,31;1,1,1,1,1,1) = E,, Hexanacci-Lucas sequence,

3. G»(0,1,2,5,13,34;2,1,1,1,1,1) = P,, sixth-order Pell sequence,

4. H,(6,2,6,17,46,122;2,1,1,1,1,1) = Q,, sixth-order Pell-Lucas sequence.

For all integers n, (r,s,t,u,v,y), Lucas (r,s,t,u,v,y) and modified (r, s, t, u, v,y) numbers can be
expressed, respectively, using Binet’s formulas as

Gn _ an+4 + 5n+4
(a—B)a—na—0)a-Na-w  B-a)B-10B-00F-NE-n
,Yn+4 5n+4
-0 -No—m  C-a6-B0-"0-N0—mn
)\n+4 un+4
P TN} Ny 5 T iy i g7y gy Y g7 prgy T prasp y &
H, = a"+8"+y"+5"+\"+u",

respectively.

2 THE PROOF OF THEOREM 1.1

To prove Theorem 1.1, we need the following lemma.

Lemma 2.1. Forn € Z, denote
where «, 3,7, 6, A and u are as in defined in Formula (1.3). Then the followings hold:
(@) Forn€Z, we have S, = (—y)"H_, and S—,, = (—y) " Hy.
(b) S, has the recurrence relation so that
Sn = vSp—1 — uySn—2 + ty°Sn—3 — 5Y>Sp—1 + 1y Sn_s5 + y°Sn—o
with the initial conditions Sy = 6, S1 = v, So = v? — 2uy, S5 = v — 3uvy + 3ty?, 8, =

2u2y% —duvy+vt +4tvy® —4sy®, S5 = Suvy? —buvdy —Stuy® +0° +5tvy® —5svy® +-5ryt. The
sequence at negative indices is given by

5

4 3 2
- t - 1
an = —lsfykfl_L;US*TH»Q_LS*7L+3_$57H+4_ipsfn+5+7rsfn+67 forn = 172737
y° y° y° y° y°
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(¢) S, has the identity so that

S, H} — 10H} Hoy, + 15H3, H,, + 20H: Ha,, + 24Hs, — 30H 4, Hy, — 20H3,, Hoy,).

120
Proof.
(@) From the definition of S,, and H,,, we obtain
Hffn — a*’n +ﬁ7n +’y7n +57’Il +A7’7’L +p‘7’ﬂ
anﬁn )\TIV,Y’HVM’VL + DCTLBTL)\'fL,ynén + anﬁn,)\nunén + anﬁn,yn“nén + an )\n,yn#nén + ﬁn)\n,ynunén
an[—}nxnvnunén

Sn
(=)’

i.e., S, =v"H_,andso S_, =v "H,.

(b) With Formula (1.3) or using the formula S,, = v™ H_,,, we obtain initial values of S,, as

So = (-y)°Ho=6,

Sto= (' Ha=(p)i-) =

So = (—y)?H-2= (—y)2(%(—2uy + %)) = v® — 2uy.

S3 = (—y)’Hs= (*y)S(*y%(BtyZ + 0% = 3uvy)) = v® — 3uvy + 3ty°,
Si= () Hea = () sy’ + 2% o' + dtoy? — du®y)

= 2u2y2 - 4u'U2y +ot+ 4tvy2 — 45;3/37
1
Ss = (—y)’H_s= (—y)5(—y—5(514y4 +0° — 5svy® — 5tuy® — suv’y + 5ty + 5ulvy?))
2 2 3 3 5 2 2 3 4
= duvy” —duv’y — Stuy” +v° + Stv y” — Hsvy” + bry-.
For n > 6, we have
vSp—1 =  Si1Snp-1
— anﬁn A’Vl,y’!lu’n + a’VlB’Vl )‘n,ynén + a’Vlﬁ’Vl )‘nu'nén + anﬁn’ynun n + anAn'yn‘u‘n n + ﬁ’!l A'n’y’ﬂ#’ﬂ n
+a AT TIAT T I T T (0B S 4 aBARS + aBvud + adyud + BAyus)
+a T TIAN T TS T (B Ay p + aBAuS + afyps + adyus + BAyus)
+a™ AT TINT T S T (@B Ay + aBAYS + affyud + adyud + BAyus)
+a TP T LR T T (aBAyi + aBAYS + aBARS + adyud + BAYLS)
+a T T T TS T (B Ay + aBAYS + afAps + afyud + BAvub)
+B"TIAT T T S T (@B Ay 4 aBAYS + aBAud + afyud + alyusd)
= —Sp_6y" —Sn_5y* +55,_av® — tS_30% + uS_2y + S

and so
Sp =0vSn—1 — uySn—2 + tyQSnfg — sy3Sn74 + ry4Sn75 + ySSnfg.
(c¢) From the definition of S,, and H,,, we get
(@B +a" XN+ oy a BT+ BT+ B AT AT+ BT AT+
AR A A" + " 6") = 5 (HE — Han),
(@27 B2 4 02PN 4 a2 4 P2 BERARN 4 g2ngRn 4 GEnagn | g2 2n 4 a2no2n |
A2y GERGEN 4 \BngEn | 200y aRngin o ongdny — L(H2 ),
(@B A +a" By +a Bt At AT Y o A QB AN+ at Ay e + BT +
BN U+ 4t 0" A BN 4 BT AT 4 BT 4 BT T + AT 4+
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A" 44" ") = ¢ (=3Hn Hap + Hiy + 2Hzy).

6
It now follows that
H»,SL - H5n + 5(H4'ILH'IL - H5n) + 10 (H3'ILH27L - HSn)
+10(—2H, Hap + 2Hsn + Hy H3p — Han Hsp)
1
+30(Hn§(H22n - H4n) - HBnHQn + H5n)

41208,

1

S, = 170(1{5; ~10H Han, + 15H3, Hy, + 20H, H3p, + 24Hsp, — 30Han Hy, — 20H3, Hay,). O
Now, we shall complete the proof of Theorem 1.1.
The Proof of Theorem 1.1:
Note that for n € Z, we have the following:
V" 0" = (S~ ),
a2n52n + Oé2n)\2n + a?n,yZn + a2nu2n + /3271,)\271, + a2n62n + ﬁ2n72n + /3271#271 + A2n72n + )\QnNZn +
62n52n + )\2n62n + 72nu2n + ,Y2n62n + M2n62n — %(Hgn _ }le)7
anﬁnAn,ynMnA4+an6n)\n,_yn6nAG+an6n)\nﬂn6nA3+an/8n,ynun6nA5+an)\n,_yn’un6nA2+Bn>\n7nun5n141 —
(7y)nW—Tba
A1+ As+ As + As + As + As = Wh.

Now, for n € Z, we obtain

1
Wa X o (8Hn Han + H} —6Hy, — 6H.Hs, + 3H3,)
= (A1Q" + AxB" + Azy" + Asd" + AsA" + Asp™)
1
= 5 (6H Wiy — 6Wsy, — 3H W3 + HyWap + 3H2, Wi,
By Lemma 2.1 (¢) (using Sn = 135 (H, — 10H; Hay, + 15H3, Hy, + 20H7 Hsy, + 24Hsy, — 30Han Hy —
20H3, Hay,)), it follows that

W_on = 5(=y) " (WoH;, — 5WnH, + 20H;Wa, — 10WoH;, Ha, + 156WoH5, H, — 15W, H3, +

20WoH Hsy + 30W,, H2 Hay, — 60H2 W3y, — 120Ws,, + 120H, Wapn + 60H2,Ws,, + 40H3,War, +
24WoHsy, + 30H4n Wy, — 20WoHsn Hap — 30H4n HaWo — 40H3, Ho Wy, — 60Hon H Woay)
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3H3,, — 6H Hap — 6Hayp + 8Hzn Hy )W — 135 (Hy, — 10H; Hap + 15H3, Hy, + 20H7 Hp, + 24Hs, —
30H 0 H,, — 20H3, Hay ) Wo). O

Next, we present a remark which presents how H,, can be written in terms of W,,.

Remark 2.1. To express W_,, by the sequence itself at positive indices we need that H,, can be
written in terms of W,,. For this, writing

Hn:aXWn+5+bXWn+4+C><Wn+3+d><Wn+2+€XWn+1+f><Wn

and solving the system of equations

Hy = axWs+bxWatexWs+dxWoat+ex Wi+ fx Wy
H, = aXW6+bXW5+CXW4—|—d><W3+€><W2+f><W1
Hy, = a><W7+b><W6—|—C><W5—|—d><W4+€><W3+f><W2
Hy = axWsg+bxWr+exWe+dxWs+ex Wi+ fxWs
Hy = axWo+bxWs+exWr+dxWs+exWs+ fx W,
Hs = axWio+bxWo+cxWes+dxWr+exWs+ fxWs
or )

a Ws Wi Wz Wo Wi Wo \ [ Ho

b We W5 W4 W3 W2 W1 Hl

C _ W7 W6 W5 W4 W3 W2 H2

d - Ws W7 W@' W5 Wy W3 H3

e Wg Wg W7 We W5 W4 H4

f Wi Wy Ws Wz We Wi Hs

we find a, b, ¢, d, e, f so that H,, can be written in terms of W,, and we can replace this H,, in Theorem
1.1.

Using Theorem 1.1, we have the following corollary.

Corollary 2.2. Forn € 7Z, we have

H_, = - (—y)""(HS 4+ 15H3, H,, + 20H? H3,, — 10H3 Ha,, + 24Hs,, — 30H4, H,, — 20H3, H2,,)

1
120
Using Theorem 1.1 and Remark 2.1 (or the last corollary), we can give some formulas for the special
cases of generalized Hexanacci sequence (generalized (r, s, t, u, v, y)-sequence) as follows.

We have the following corollary which gives the connection between the special cases of generalized
Hexanacci sequence at the positive index and the negative index.

Corollary 2.3. Forn € Z, we have the following recurrence relations:
(@) Hexanacci-Lucas sequence:

E_, = W(Ei — 10E2 By, + 15E3, E,, + 20E2 E3,, + 24E5, — 30E4n, B, — 20E3, Eoy,).
(b) sixth order Pell-Lucas sequence:

Q-n= W(Qi —10Q; Q2n + 15Q3,Qn + 20Q5 Qs + 24Qs5n — 30Q4nQn — 20Q3,Q2n).
(c¢) modified sixth-order Jacobsthal-Lucas sequence:

Ry = 13a0gy% (Bn, — 10R} Ran + 15R3, Ry + 20R} R3n + 24Rsn — 30Ran Ry — 20R30 Ran).
(d) Lucas 6-primes sequence:

H_n = qgg0t1gyn (Hy, — 10H;, Han + 15H3, Hy + 20H;, Hsn + 24Hsp — 30 Han Hy — 20Hsn Hay).
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3 CONCLUSION

The main results of this paper propose new
recurrence properties of generalized Hexanacci
sequence. We consider generalized Hexanacci
sequence at negative indices and construct the
relationship between the sequence and itself at
positive indices. This illustrates the recurrence
property of the sequence at the negative index.
Meanwhile, this connection holds for all integers.
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